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It is known that if an Orlicz function space is k-uniformly rotund for some
k G 2, then it must be uniformly convex. In the paper, we show that a similar result
holds in Lorentz]Orlicz function spaces. Q 1996 Academic Press, Inc.
A convex function f : R ª R is said to be a Young function ifq q
 .  .f 0 s 0, and f u ) 0 for all u ) 0. If f is a Young function, then the
 4complementary function c : R ª R j ` in the sense of Young to f is theq q
function defined by
c u s sup u¨ y f ¨ 4 .  .
¨)0
for all u g R . It is known that if f is a Young function, then itsq
 .complementary function c is a convex function such that f 0 s 0, and
 .f u ) 0 for some u ) 0. In this article, f always denotes a Young
function and c denotes the complementary function of f.
 .   . .For a measurable function f on 0, ` respectively, 0, 1 or N the
distribution function d , and the decreasing rearrangement f U are defined byf
< <d t s m f ) t , .  .f
f U t s inf s ) 0: d s F t .  . 4f
 .where m denotes the Lebesgue measure or the counting measure . A
  . .function w: N ª R respectively w: R ª R or w: 0, 1 ª R isq q q q
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called a weight function if it is nonincreasing and if
1
w 1 s 1, respectively, w t dt s 1 . .  .H /0
For a Young function f and a weight function w, the Lorentz]Orlicz space
 .   . .L 0, ` respectively, L 0, 1 or l is the set of all measurablef, w f , w f , w
 .   . .functions f on 0, ` respectively, 0, 1 or N such that
` `
U Ur l f s f l f t w t dt ' f l f w - ` .  .  .  . .H Hf
0 0
1 1U Urespectively, r l f s f l f t w t dt ' f l f w - `, .  .  .  . . H Hf
0 0
` `
U Ur l f s f l f i w i ' f l f w - ` .  .  .  . . f /
is1 is1
for some l ) 0. The norm of f is defined by
5 5f s inf e ) 0: r fre F 1 . . 4f
Recall that f satisfies condition D respectively, condition D for large2 2
.  .  .¨alues if there exist s l ) 0 respectively, l ) 0 and u ) 0 such that0
 .  .  .f 2u F lf u for all u G 0 respectively, for all u G u . Similarly, f0
satisfies condition D for small values if there exist l ) 0 and u ) 0 such2 0
 .  .that f u F lf ur2 for all u - u . A weight function is said to be regular0
if there exists k ) 1 such that
a2 a
w G k wH H
0 0
for all a ) 0. Recall that a convex function f is said to be uniformly
 .con¨ex on an interval a, b if for any e ) 0, there exists d ) 0 for any
 . < <  4u, ¨ g a, b , u y ¨ G e max u, ¨ implies
¨ q u f ¨ q f u .  .
f F 1 y d . . /2 2
 .  . f is said to be strictly con¨ex on a, b if for any c, d g a, b , f c q
. .   .  ..d r2 s f c q f d r2 implies c s d.
Recall that a Banach space is said to be uniformly con¨ex if for any
5 . 5 5 5e ) 0, there is d ) 0 such that x q y r2 - 1 y d whenever x F 1,
5 5 5 5 w xy F 1, and y y x G e . In 12, 14 , Milman and Sullivan generalized this
notion. Let x , . . . , x be any k q 1 vectors in a Banach space X. Recall1 kq1
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the k-dimensional ¨olume enclosed by x , x , . . . , x is defined by1 2 kq1
1 ??? 1
f x ??? f x .  .1 1 1 kq1
. . .A x , . . . , x s sup , .1 kq1 . . .U . . .f gX , andi
5 5f F1 for is1, . . . , ki f x ??? f x .  .k 1 k kq1
and the modulus of k-rotundity is given by
kq11
k . 5 5d e s inf 1 y x : x F 1 and A x , . . . , x G e . .  .X i i 1 kq1 5k q 1 is1
The multi-dimensional moduli of rotundity is defined by
k . 5 5 4D e s inf inf sup x q e y y 1 . .X
5 5 X:X andx s1 5 5y s1
 .dim Y sk and ygY
w x A Banach space X is said to be k-uniformly rotund 14 respectively,
w x. k . .  k . . .k-uniformly con¨ex 12 if d e ) 0 respectively, D e ) 0 for allX X
w xe ) 0. It is known 3, 10 that k-uniform convexity and k-uniform rotundity
w xare equivalent. Bernal and Sullivan 1 proved the following implications.
uniformly convex m 1-uniformly rotund « 2-uniformly rotund « ???
« k-uniformly rotund « ??? « superreflexive.
w xIn 2, 15 , Chen and Wang studied k-uniform rotundity on an Orlicz
function and sequence spaces. They proved the following theorems.
THEOREM A. An Orlicz function space L is k-uniformly rotund if andf
only if it is uniformly con¨ex.
THEOREM B. Let k be any natural number. The Orlicz sequence space lf
is k-uniformly rotund if and only if f satisfies condition D for small ¨alues2
 y1  ..xand f is uniformly con¨ex on 0, f 1r k q 1 .
In this article, we consider k-uniform rotundity of Lorentz]Orlicz spaces.
We prove the following theorems.
 .THEOREM 1. For any k G 2, the Lorentz]Orlicz function space L 0, `f, w
  ..respecti¨ ely, L 0, 1 is k-uniformly con¨ex if and only if it is uniformlyf, w
con¨ex.
kq1  .THEOREM 2. For k G 2, let a s 1r w i . The Lorentz Orlicz se-is1
quence space l is k-uniformly con¨ex if and only if w is regular, f satisfiesf, w
 y1 ..condition D for small ¨alues, and f is uniformly con¨ex on 0, f a .2
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Before proving our theorems, we need the following lemmas which are
proved by Hudzik, Kaminska, and Mastylo.Â
 w x.  .LEMMA 3 Theorem 2.5 of 6 . For any Lorentz]Orlicz space L 0, `f, w
  ..respecti¨ ely, L 0, 1 , the following are equi¨ alent.f, w
 .  .a f satisfies condition D respecti¨ ely, condition D for large ¨alues .2 2
 .  . 5 5b r x s 1 if and only if x s 1.f
 .  .c Norm and modular con¨ergence are equi¨ alent, i.e., r x con¨ergesf n
 .to 0 if and only if r l x con¨erges to 0 for all l ) 0.f n
 w x w x.LEMMA 4 Theorem 11 of 5 , also see Remark 1 of 9 . The
 .   ..Lorentz]Orlicz function space L 0, ` respecti¨ ely, L 0, 1 is super-f, w f , w
reflexi¨ e if and only if w is regular and both f and c satisfy condition D2
 .respecti¨ ely, condition D for large ¨alues .2
w x  . LEMMA 5 7 . The Lorentz]Orlicz space L 0, ` respecti¨ ely,f, w
 ..L 0, 1 is uniformly con¨ex if and only if w is regular, f satisfies conditionf, w
 .D respecti¨ ely, condition D for large ¨alues , and f is uniformly con¨ex on2 2
 .  .u, ` with u s 0 respecti¨ ely, some u ) 0 .
Recall that a Banach lattice X is said to be uniformly monotone if for
5 5any e ) 0 there is d ) 0, for any two positive elements u, ¨ g X, u s 1
5 5 5 5 w xand ¨ ) e implies u q ¨ ) 1 q d . In 5 , Hudzik, Kaminska, andÂ
Mastylo gave the following criterion of uniform monotonicity for
Lorentz]Orlicz spaces.
 w x.LEMMA 6 Theorem 8 of 5 . The Lorentz]Orlicz function space
 .   ..L 0, ` respecti¨ ely, L 0, 1 is uniformly monotone if and only if the wf, w f , w
is regular and f satisfies condition D respecti¨ ely, condition D for large2 2
.¨alues .
Remark 1. For any x g L , it is easy to see that for any c ) 1f, w
 .  .   . . 5 5respectively, 0 - c - 1 , if r x - c respectively, r x ) c , then xf f
 5 5 .F c respectively, x G c . Suppose that L is uniformly monotone andf, w
c ) 1. So f satisfies condition D . By Lemma 3, there are d ) 02
 .  .and e ) 0 because L is uniformly monotone such that if r y s 1f, w f
 . 5 5 5 < < < < 5and r z ) c y 1, then z G d and y q z G 1 q e . Let x be anyf
 .element in L such that r x G c. Then there exist y, z g L suchf, w f f , w
< < < < < < < < < <  . 5 5that y n z s 0, y q z s x , and r y s 1. This implies x ) 1 q e .f
 .   ..By Lemma 4 and Lemma 5, if L 0, ` respectively, L 0, 1 isf, w f , w
superreflexive, then
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 . d f satisfies condition D respectively, condition D for large2 2
.values ;
 .e the norm and modular convergence are equivalent on the
Lorentz]Orlicz space.
Hence, to show a superreflexive Lorentz]Orlicz space L is k-uniformlyf, w
convex is enough to prove that for any e ) 0 there is a d ) 0 such that for
  . .any unit vector y r y s 1 and any k dimensional subspace Z of L ,f f , w
sup r y q z : z g Z and r z F e ) 1 q d . .  . 4f f
Remark 2. Similar results of Lemmas 3, 4, and 5 hold for
Lorentz]Orlicz sequence spaces. So if l is superreflexive, thenf, w
 X.d f satisfies condition D for small values and w is regular,2
 X .e the norm and modular convergence are equivalent for l .f, w
One can also show that the conclusion of Remark 1 holds for
Lorentz]Orlicz sequence spaces.
w xRemark 3. In 4 , Hudzik showed that c satisfies condition D for2
small values if and only if there exist ¨ X ) 0, 0 - a - 1, and d ) 0 such
that ¨ - ¨ X implies
f a ¨ F a 1 y d f ¨ . .  .  .
Hence, if w is regular, f satisfies condition D for small values, and f is2
 .uniformly convex on 0, u for some u ) 0, then l is superreflexive.f, w
The following lemma is known. For completeness, we give a proof.
LEMMA 7. Let u be any positi¨ e number. Suppose that f is a Young0
 .function which is strictly con¨ex but it is not uniformly con¨ex on u , `0
  ..  4  4respecti¨ ely, 0, u . Then there exist e ) 0 and two sequences u , ¨ in0 n n
 .   .. u , ` respecti¨ ely, 0, u with lim u s ` s lim ¨ respecti¨ ely,0 0 nª` n nª` n
.lim u s 0 s lim ¨ such thatnª` n nª` n
u q ¨ 2 f u q f ¨ .  .n n n n
u y ¨ ) e u and f G 1 y .n n n  /  /2 n y 1 2
 . Proof. Suppose that f is not uniformly convex on u , ` respectively,0
 ..  4  X 4  .0, u . Then there exist e ) 0, and two sequences u , ¨ in u , `0 n n 0
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  ..  X .respectively, 0, u such that u y ¨ ) 2e u so u G ¨ , and0 n n n n n
u q ¨ X 1 f u q f ¨ X .  .n n n n
f G 1 y . /  /2 n 2
 4  4By passing to a subsequence of u and ¨ , we may assume thatn n
uX s lim u and ¨ X s lim ¨ X0 n 0 n
nª` nª`
 X X . X Xexist u or ¨ may be infinite . We claim that either 0 s u or u s `.0 0 0 0
Assume the claim is not true. Then ¨ X - `, 0 - uX - ` and0 0
uX y ¨ X s lim u y ¨ X G 2e lim u s 2e uX ) 0,0 0 n n n 0
nª` nª`
uX q ¨ X 1 f u q f ¨ X f uX q f ¨ X .  .  .  .0 0 n n 0 0
f G lim 1 y s . /  /2 n 2 2nª`
But f is a convex function. This implies f is not strictly convex on
 X X .¨ , u ; a contradiction. We proved our claim.0 0
If uX s 0 s ¨ X and uX s ` s ¨ X , then let ¨ s ¨ X and the proof is done.0 0 0 0 n n
Note: if uX s 0, then ¨ X s 0. So we may assume that uX s ` and ¨ X - `.0 0 0 0
Let
f u q ¨ X r2 y f ¨ X .  . .n n nX Xf t s f ¨ q ? t y ¨ , .  .  .X1, n n n1r2 u y ¨ .  .n n
f u y f ¨ X .  .n nX Xf t s f ¨ q ? t y ¨ . .  .  .X2, n n nu y ¨n n
Then f and f are linear functions such that1, n 2, n
u q ¨ X u q ¨ Xn n n nX X Xf ¨ s f ¨ s f ¨ , f s f , .  .  .1, n n n 2, n n 1, n  /  /2 2
f u s f u . .  .2, n n n
 X .Since f is a convex function, for any n and any u q ¨ r2 F t F u ,n n n
 .  .  .f t F f t F f t and1, n 2, n
u q ¨ X u q ¨ Xn n n n
f t y f t F 2 f y f .  .2, n 1, n 2, n  /  / /2 2
2 u q ¨ X 2rn 2n nF f F f t s f t . .  .2, n  /n 2 1 y 1rn n y 1
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 X .Let ¨ s u q ¨ r2. Then we haven n n
lim u s ` s lim ¨ ,n n
nª` nª`
u y ¨ G e u ,n n n
u q ¨ 2 u q ¨n n n n
f G 1 y f2, n /  / /2 n y 1 2
2 f u q f ¨ .  .n nG 1 y . /n y 1 2
The proof is complete.
Proof of Theorem 1. Note: every uniformly convex Banach space is
k-uniformly convex. Hence, we only need to prove the sufficient condi-
tions.
 .   ..Suppose L 0, 1 respectively, L 0, ` is k-uniformly convex forf, w f , w
some k G 2. By Lemma 4, w is regular and f satisfies condition D for2
 .large values respectively, condition D . Hence, we only need to show that2
f is strictly convex; 1 .
f is uniformly convex on u , ` for some u ) 0 respectively, 0, ` . .  . .
2 .
 .  .Proof of 1 . Suppose f is linear on a, b for some a - b, say
f t s g t q l for t g a, b . .  .
For any k G 2, there exist c ) b, a ) 0, b ) 0 such that
kq1a i b y a . .aqibr kq1
f c w t dt q f b y w t dt s 1. .  .  .H H  /k q 2 . .  .0 aq iy1 br kq1is1
Let
x s 1 , 1 F i F k q 1,i aq iy1.b rkq1. , aqib rkq1..
 .aqibr kq1
r s w t dt , 1 F i F k q 1, .Hi
 .  .aq iy1 br kq1
kq1 i b y a .
y s c1 q b y x ,0, a . i /k q 2is1
kq1 kq1
Z s d x : d r s 0 . i i i i 5
is1 is1
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It is easy to see that the dimension of Z is k. Let z be any element in Z
such that
b y a .  .br kq1
r z - f ? w t dt . .  .Hf  /2 k q 2 . 0
  .  . Since z is constant on the intervals a q ibr k q 1 , a q i q 1 br k q
..  . <  . <  . 1 for all 1 F i F k q 1, for any t g a , a q b , z t F b y a r2 k q
.2 . This implies that y q z is a non-negative nonincreasing function and
1
r y q z s f y q z t ? w t dt .  .  .  . .H
0
a aqb
s f y t ? w t dt q f y q z t ? w t dt .  .  .  .  . .  .H H
0 a
kq1a i b y a .
s f y t ? w t dt q f b y q d r .  . . H i i /k q 20 is1
kq1a i b y a .
s f y t ? w t dt q f b y r s 1. .  . . H i /k q 20 is1
We get a contradiction. So f must be strictly convex.
 .Proof of 2 . First, we assume that f is strictly convex but it is not
 .uniformly convex on u , ` for any u ) 0. We also assume that f0 0
satisfies condition D for large values i.e., we consider the Lorentz]Orlicz2
 ..  4space L 0, 1 . By Lemma 7, there exist e ) 0, and two sequences uf, w n
 4  .and ¨ of u , ` such that lim u s ` s lim ¨ ,n 0 nª` n nª` n
u q ¨ 1 f u q f ¨ .  .n n n n
u y ¨ G e u , and f G 1 y .n n n  /  /2 n 2
3 .
Note: f satisfies condition D for large values. There are uX ) 0 and2 0
l ) 0 such that if u ) uX , then0
e u
f G lf u . 4 .  . /4 k q 2 .
 .  X 4Since lim ¨ s `, we can assume that f ¨ G max 1, u for allnª` n n 0
n g N. So for every n, there exists 1 G b ) 0 such thatn
kq1 i u y ¨ . .ib r kq1 n nn f u y w t dt s 1. 5 .  . H n /2 k q 2 . .  .iy1 b r kq1nis1
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Let
f u q ¨ r2 y f ¨ .  . .n n n
f t s f ¨ q ? t y ¨ , .  .  .1, n n n1r2 u y ¨ .  .n n
f u y f ¨ .  .n n
f t s f ¨ q ? t y ¨ , .  .  .2, n n nu y ¨n n
x s 1 , 1 F i F k q 1,i , n  iy1.b rkq1. , ib rkq1..n n
 .ib r kq1nr s w t dt , 1 F i F k q 1, .Hi , n
 .  .iy1 b r kq1n
kq1 i u y ¨ .n n
y s u y x ,n n i , n /2 k q 2 .is1
kq1 kq1
Z s d x : d r s 0 , n i i , n i i , n 5
is1 is1
 .  .and let z be a element in Z such that r z F lr k q 1 . Thenn f
 . bn  .f H f u ? w ) 1 and the dimension of each Z is k.0 n n
 .  .  .  ..g Since z is constant on i y 1 b r k q 1 , ib r k q 1 for anyn n
i F k q 1 and
l lf u e u . b  .b r kq1n nn nr z F F w F f w . H Hf  /k q 1 k q 1 4 k q 2 .0 0
u y ¨  .b r kq1n n nF f w ,H /4 k s 2 . 0
 .for every t g 0, b ,n
u y ¨n n
z t F . .
4 k q 2 .
So y q z is a non-negative nonincreasing function.n
 .  .  .  .  .h For any n and any u q ¨ r2 F t F u , f t F f t F f t ,n n n 1, n 2, n
and
u q ¨ u q ¨n n n n
f t y f t F 2 f y f .  .2, n 1, n 2, n  /  / /2 2
2 u q ¨ 2rn 2n nF f F f t s f t . .  .2, n  /n 2 1 y 1rn n y 1
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 .  .i For every t g 0, b ,n
k q 1 u y ¨ u y ¨ u y ¨ .  .n n n n n n
y q z t G u y y G . .  .n n /2 k q 2 4 k q 2 2 .  .
 .  .So we have r y q z s r y andf n f n2, n 2, n
r y q z y r y .  .f n f n
s r y q z q r y q z y r y q z .  .  . .f n f n f n2 , n 2 , n
yr y y r y y r y .  .  . .f n f n f n2 , n 2 , n
4rn 4
F r y s . .f n1 y 1rn n y 1
 .This implies L 0, 1 is not k-uniformly convex, a contradiction. So iff, w
 .  .L 0, 1 is k-uniformly convex, then L 0, 1 is uniformly convex.f,w f , w
 .Now, we assume that f is not uniformly convex on 0, ` and f satisfies
condition D . By Lemma 7, there exist e ) 0, uX s 0, l ) 0, and three2 0
 4  4  4  .sequences b , u , and ¨ of 0, ` such thatn n n
lim u s 0 s lim ¨ or lim u s ` s lim ¨0 n 0 n
nª` nª` nª` nª`
 .  .  .  .and 3 , 4 , and 5 hold. The above proof shows that L 0, ` cannot bef, w
k-uniformly convex. The proof is complete.
Proof of Theorem 2. Necessary condition. We claim that f is strictly
 y1 .x  .convex on 0, f a . Suppose it is not true. Then f is linear on a, b for
y1 . `  .some 0 - a - b - f a . Note: w is regular. So we have  w i s `.is1
By the definition of a , there exist e ) 0, c G 0, and N G k q 1 such that
c - a - a q e - b and
kq1 Nk q 2 y i e .
f a q w i q f c w i s 1. .  .  .  /k q 2is1 iskq2
Let
kq1 N `k q 2 y i e .
y s a q e q ce s y i e , .  i i i /k q 2is1 iskq2 is1
and
kq1 kq1
Z s a e : a w i s 0 . . i i i 5
is1 is1
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 .Then the dimension of Z is k. As the proof of 1 in Theorem 1, one can
 .   ..  .show that if z g Z and r z F f er2 k q 2 , then r y q z s 1. Thisf f
contradicts that l is k-uniformly convex.f, w
Now, assume f satisfies condition D for small values, and f is strictly2
 y1 ..convex but it is not uniformly convex on 0, f a . By Lemma 7, there
 4  4  y1 ..exist e ) 0, and two sequences u , ¨ of 0, f a such thatn n
 .lim u s 0 s lim ¨ , and 3 holds. Since lim u s 0, we maynª` n nª` n nª` n
also assume that for all n g N,
1
f u - . .n 2 k q 1 .
Fix n g N, let
kq1 j u y ¨ .n n
b s 1 f u y G 2,n n /2 k q 2 .js1
 . `  .and let m s 0. Since w j F 1 for all j g N and  w j s `, the set0 js1
m
A s m: b y 1 F w j - b .n n 5
jsm q10
is a nonempty bounded set. Let m be the largest element in A. For1
1 F i - k q 1, suppose that m , . . . , m have been selected. Let m be0 i iq1
the largest integer m ) m such thati
m
b y 1 F w j - b . .n n
jsm q1i
m i  . So 2 w j G b for any 1 F i F k q 1. Note: m , . . . , m de-jsm q1 n 1 kq1iy1
. `  .pend on n. Since  w j s `, there are 0 - c - ¨ and M ) mjs1 n n kq1
such that
mM jkq1n j u y ¨ .n n
f c w j s 1 y f u y w i . .  .  .  n /2 k q 2 .jsm q1 js1 ism q1kq1 jy1
Let
m Mjkq1 nj u y ¨ .n n
y s f u y e q c e ,  n n i i /2 k q 2 .js1 ism q1 ismjy1 kq1
m mj jkq1 kq1
Z s d e : d w i s 0 . .   n j i j 5
js1 ism q1 js1 ism q1jy1 jy1
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Note:
 X.  . m kq 1  .f The dimension of each Z is k, and 2f u  w j G 1.n n js1
 X.  .  .  .. .g If z g Z and r z F f u y ¨ r4 k q 2 b y 1 , thenn f n n n
<  . <  .  .z j F u y ¨ r4 k q 2 for all j F m .n n kq1
 . XThe proof of 2 in Theorem 1 showed there are u ) 0 and l ) 0 such0
X  .  .that if z g Z , 0 - u - u , and r z F lr2 k q 1 , thenn n 0 f
4
r y q z y r y F . .  .n n n y 1
This implies the Lorentz]Orlicz sequence space l cannot be k-uni-f, w
formly convex for any k G 2.
Sufficient conditions. Let e be any number such that 2e - a , let
`  .y s  y i e be any unit vector of l and Z any k dimensionalis1 i f , w
subspace of l . Note: the setf, w
`
x i e g l : x i / 0 for all n g N .  . i f , w 5
is1
 .  .  .is a dense subset of l , we may assume that y 1 G y 2 G ??? G y n Gf, w
??? ) 0. By Remark 2 and Remark 3, it is enough to show that there is n
 .such that e w k r4 G n ) 0 and
sup r y q z : z g Z and r z s e ) 1 q n . .  . 4f f
 .  .Let f be the function f u s u for all u G 0, and let d s w k er6g ,1 1
 . y1 .c s 1r2 f d ,
1 y f t .
Xg s 1 k lim s 1 k f 1 , .yy1y1 f 1 y t . .t ­ f 1
1
y1 y1m s f - f a . .kq2 / w i .is1
Note:
 .j Since f satisfies condition D for small values, there is l ) 0 such2
 .  . y1 .that f ur2 G lf u whenever o - u - f a .
 .  y1 ..k f is uniformly convex on 0, f a . There is d ) 0 such that
 y 1 .x < <   y 1 .if u, ¨ g 0, f a and if u y ¨ G max dr8, f a y
. y1 . y1 .4  4m rf a , 2crf a max u, ¨ , then
u q ¨ f u q f ¨ .  .
f F 1 y d . . /2 2
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 .l Since f satisfies condition D and w is regular, l is uni-1 2 f , w1
formly monotone. There is n ) 0 such that if y, z g l ,f , w1
  . 4  .  .   .min dar2, df c r2, 5d lr8 F r z F 1r2, and r y F sup r x :f , w f , w f1 1
5 5 4x g l and x F 2 , thenf, w
< < < <r y q z G r y q 4n . . .f , w f , w1 1
 . `  .   ..m For any z s  z i e s z i g l ,is1 i r , w
r z i s r f z i . .  . . .  . .f f1
 .  . y1 . X   ..n Since f is convex and y i F f 1 for all i, f y i F g andy
f y i q z i G f y i y g z i . .  .  .  . . .
 .  .  .  .o If y k q 2 ) m, then y j G y k q 2 ) m for all j F k q 2 and
 .  .r y ) 1, a contradiction. Hence y j F m for all j G k q 2.f
Since Z is a k dimensional subspace of l , there is a vector z sf, w
`  .  .  . z i e in Z such that z k F 0 and r z s e . Fix this z.isk i f
Case 1
  ..  .  `  . .   .  ..f yz k ? w k G 2gr  z j e . Note: f y k y z k Gf jskq1 j
  ..   ..   .  .  . <  . <.f y k q f yz k because y k y z k s y k q z k and
`
r z F f yz k q r z i e F 2f yz k . .  .  .  . .  .f f i /
iskq1
  ..We have f yz k G er2 and
r y y z .f
ky1 `
G f y i w i q f y i y z i w i .  .  .  .  . .  . 
is1 isk
` `
G f y i w i q f yz k w k y g f z i w i .  .  .  .  .  . .  .  . 
is1 iskq1
f yz k ? w k w k e .  .  . .
G 1 q G 1 q G 1 q n .
2 4
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Case 2
<  . < y1  . .z k q 1 G f w k er6g s 2c ) 0. Without loss of generality, we
 .assume that z k q 1 G 2c. Note:
z k q 1 . y1c F F max y k q 1 y z k q 1 , y k q 1 F f a , 4 .  .  .  .
2
z j f y j q f y j y z j .  .  .  . .  .
f y j y F for any j g N. . /2 2
 .  .By k and l ,
z k q 1 .
f y k q 1 y . /2
f y k q 1 q f y k q 1 y z k q 1 .  .  . .  .
F 1 y d .
2
f y k q 1 q f y k q 1 y z k q 1 df c .  .  .  . .  .
F y ,
2 2
and
z z j .
r y y s r f y j y .f f / 1  / /2 2
f y j q f y j y z j .  .  . .  .
F r y 4nf1  / / /2
r f y j q r f y j y z j .  .  . .  .  . .  .f f1 1F y 4n
2
r y q r y y z .  .f fs y 4n .
2
 .  .This implies either r y y z G 1 q 2n or r y y zr2 F 1 y n . In thef f
latter case, we have
z z
r y q z G r y q G 1 q f y y f y y G 1 q n . .  .f f  /  / /2 2
So we have
max r y q z , r y y z G 1 q n . .  . 4f f
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Case 3
 <  . <.  .   ..  .  `  . .f z k q 1 - w k er6g and f yz k w k - 2gr  z j e .f jskq1 j
Note:
`
e F r z F f yz k q r z j e .  .  . . f f j /
jskq1
`2g
F q 1 f z k q 1 q r z j e .  . . f j /  /w k . jskq2
`3g w k e .
F q r z j e . .f j /  /w k 6g . jskq2
We have
` w k e .
r z j e G . .f j / 6gjskq2
 <  .  . < <  .  . <4 y1 .Subcase 1. max y j q z j , y j y z j G f a for some j G
 .  .k q 2. Without loss of generality, we assume that y k q 2 q z k q 2 G
y1 .  . y1 .  . 5 5f a . Replace z k q 2 by f a y y k q 2 . z is still less than or
.equal to e . We have
y1max y k q 2 q z k q 2 , y k q 2 y z k q 2 F f a , 4 .  .  .  .  .
and
z k q 2 G fy1 a y m ) 0. .  .
 .By k ,
f y k q 2 . .
f y k q 2 q z k q 2 q f y k q 2 y z k q 2 .  .  .  . .  .
F 1 y d .
2
f y k q 2 q z k q 2 q f y k q 2 y z k q 2 da .  .  .  . .  .
F y .
2 2
 .By l and the proof of Case 2, we have
max r y q z , r y y z G 1 q n . .  . 4f f
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<  .  . < y1 .Subcase 2. For any i G k q 2, y i " z i F f a . Let
T s j G k q 2: f z j . .
d
G max f y k q z k , f y k y z k . 4 .  .  .  . .  . 58
 <  .  . < <  .  . <4 <  . <  .Note: for any j g T , max y k q z k , y k y z k G z k r2. By j
 .and k , for any j g D,
f y j q z j q f y j y z j .  .  .  . .  .
f y j F 1 y d .  . .
2
f y j q z j q f y j y z j df z j r2 .  .  .  .  . .  .  .
F y
2 2
f y j q z j q f y j y z j d lf z j .  .  .  .  . .  .  .
F y .
2 2
Note:
d 3 5d
< <r f z ? 1 s r z ? 1 G d y ? ? 2 s . . . .f T f T1 8 2 8
So
5ld d
< <r d lf z ? 1 r2 G . . . .f T1 8
 .By l ,
r y y z q r y q z .  .f f
1 s r y F y 2n . .f 2
This implies
max r y y z , r y q z G 1 q n . .  . 4f f
The proof is complete.
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